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Solid–liquid interfaceA similarity solution for solidification of an undercooled binary alloy is developed including the effect of
shrinkage or expansion due to change in the density. The proposed similarity solution takes into account
the change in density of the alloy while undergoing a phase change. Thermo-physical properties are
assumed to be constant. An analytical solution (which is an outcome of the similarity solution) for tem-
perature and concentration distribution has been established. The effect of the density ratio and Lewis
number on both interface motion and conjugate heat and mass transfer is studied. It is found that the
interface moves faster with the decrease in density ratio and initial temperature during solidification.
 2016 Karabuk University. Publishing services by Elsevier B.V. This is an open access article under the CC
BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
The term phase is used as a synonym for state of matter which
is uniform throughout both in chemical composition and physical
state and is separated from another phase by a phase boundary.
The phase change process involves solidification and melting and
has myriad applications. The most common phase change pro-
cesses are the formation of ice, the solidification of metals (espe-
cially in castings) and in cryogenics. In these processes, the
solid–liquid interface is in motion, which involves simultaneous
heat and mass transfer, both within the respective individual
phases and at the solid–liquid interface. The first phase change
process to be reported was studied by Stefan [18]. The time taken
for solidification in lakes during winters was studied by Stefan
with the help of simple mathematical tools. Thereafter, simple
benchmark phase change problems started being referred as Stefan
problems. The solution of the Stefan problem can be analytical or
numerical. The analytical solution is restricted to the simplified
one dimensional case. Özișik [16,15] and Yener [22] have carried
out pioneer work in this area. The other one involves the numerical
and the hybrid numerical solutions. The numerical solutions are of
two types. The first one is the front tracking method and the sec-
ond one is the fixed domain method, which is most commonly
used in numerical applications. Some of the numerical method
types are the specific heat method, the effective specific heatmethod, the enthalpy method, the source based methods, the tem-
perature recovery method and the heat integration method.
In the binary alloy solidification process, there exists a two
phase zone consisting of both liquid and solid phases called as
the mushy zone. Numerous models have been developed for the
solidification processes involving mushy zone, to study the effect
of macro segregation, micro segregation and dendrite formation.
The first analytical solution for binary alloys was proposed by
Rubinstein [17] and later improved by Alexiades [2]. In these stud-
ies, a semi-infinite domain having a fixed boundary temperature
with uniform composition and temperature was taken as an initial
condition. Further, extended work has been carried by Tien and
Geiger [19], Crowley and Ockendon [12], Bermudez and Saguez
[5] and Chakraborty and Dutta [7,8]. In late 1980s, Incropera and
Bennon [3,4] developed a continuum mixture model for the binary
alloy solidification. They took two a dimensional rectangular cav-
ity, subjected to insulated and fixed boundary conditions and stud-
ied macro-segregation phenomenon during solidification in binary
alloy through their model. Subsequently, Christenson et al. [10,11]
validated the numerical work of Incropera and Bennon [3,4] with
their own experiments on NH4Cl–H2O binary mixture. Succes-
sively, Dutta and Chakraborty [7–9] have carried out extensive
work on binary alloy phase change in which they have studied
the effect of partition coefficient and several other parameters dur-
ing phase change on macro-segregation patterns obtained for an
alloy mixture using enthalpy method. With ease of implementa-
tion, the enthalpy method has got more popularity as compared
to other methods and could be used quite extensively in the mod-
eling the experimental work.
Nomenclature
C solute concentration (%)
c specific heat (J/kg K)
D sass diffusivity (m2/s)
k thermal conductivity (W/m K)
kp partition coefficient
Lf latent heat of fusion (J/kg)
L length scale (m)
Le Lewis number ðaDÞ
M dimensionless Liquidus slope
R ratio of densities of solid to liquid phase ðqsqlÞ
s position of the interface (m)
T temperature in (K)
Greek symbols
a thermal diffusivity (m2/s)
q density (kg/m3)
k similarity parameter
Superscripts
(⁄) non-dimensional form of the equation
Subscripts
b boundary
f fusion point
i interface
l liquid phase
s solid phase
(a)
X = 0
Liquid   
phase
Liquid   
phase
Solid   
phase
Interface
t = 0
t> 0
X 
(b)
Fig. 1. The problem domain with respective phases at (a) initial time (b) at a given
time during solidification.
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binary alloy of an undercooled liquid during solidification. Subse-
quently, using this analytical model, Voller [21] has validated the
numerical model for dendritic growth in an undercooled static
melt. But in practical cases, melt is convective during dendritic
growth, which has been addressed by Bhattacharya and Dutta [6]
in case of binary alloy. However, in modeling most practical cases,
such as the phase change material as done by Agarwal and Sarviya
[1] and in castings by Jafar-Salehi et al. [13], the effect of density
change has not been taken into account, which is an unreasonable
assumption. There is significant density change of approximately
2–20% for most metal and alloys and 5% to 15% for water and
polymers during solidification [14]. If we take the above men-
tioned effect in the problem, it is expected that the density change
will significantly affect the solid–liquid interface motion. The pre-
sent paper is an extension of the work carried out by Voller [20],
assuming the interface to be sharp. In the case of the work carried
out by Voller [20], density is taken constant and invariant with
phase change, while in current problem density is assumed to be
constant but it is different for solid and liquid phases. In the cur-
rent problem, the effect of density ratio and Lewis number has
been studied on the solid–liquid interface motion along with tem-
perature and concentration distribution. In addition, the effect of
initial and boundary temperature on binary alloy phase change
behavior is also studied in this proposed model.
2. Problem description
The problem formulation consists of a one dimensional Stefan
problem in a semi-infinite domain as shown in Fig. 1 in which
the density of solid and liquid are assumed to be different,
although it is constant in the respective pure phases. Initially, the
liquid melt (Fig. 1(a)) is kept at a uniform undercooled temperature
Tl ¼ To and at uniform concentration Cl ¼ Co. The solidification is
initiated by keeping a small metal strip at the melting point on
the left boundary (Fig. 1(b)), which provides a temperature gradi-
ent and serves as driving force for solidification. During solidifica-
tion, the heat and mass transfer takes place across phase interface.
The latent and sensible heat starts flowing from the liquid phase to
the solid phase and the solute concentration goes on increasing in
the liquid phase due to the partition of solute in the solid and the
liquid phase at the interface and mass diffusion within them.
Following assumptions are taken while preparing the model for
solidification system.
1. The thermo-physical properties like thermal conductivity, speci-
ficheatandmassdiffusivityareassumedtobe invariantwith tem-
perature and concentration change for liquid and solid phases.2. The concentration and temperature variation is only along the
direction of solidification.
3. Heat and mass diffusion in solid is neglected.
4. The phase change heat transfer is assumed conduction domi-
nated and effects due to buoyancy are neglected.
5. The interface is assumed to be sharp and straight for the entire
period of solidification.
6. The temperature and concentration relation at the interface is
given by the liquidus slope of the binary phase diagram.
7. Surface tension and capillary effects are assumed to be absent.
Based on the above assumptions, the transport equations gov-
erning the solidification of a binary alloy can be represented as
given below.
@Tl
@t
þ qs
ql
 1
 
ds
dt
@Tl
@x
¼ al @
2Tl
@x2
;
x > sðtÞ ðLiquid phase energy equationÞ ð1Þ
@Cl
@t
þ qs
ql
 1
 
ds
dt
@Cl
@x
¼ Dl @
2Cl
@x2
;
x > sðtÞ ðLiquid phase species transport equationÞ ð2Þ
From mass and energy balance at the interface from the
conservation principle, the interface condition governing the
displacement of the interface can be expressed as:
Fig. 2. Effect of density ratio on temperature and concentration distribution at t = 100.
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@x
¼ qsL
@s
@t
; x ¼ sðtÞ ðEnergy interface conditionÞ ð3Þ
qlDl
@Cl
@x
¼ qsCl;ið1 kpÞ
@s
@t
; x ¼ sðtÞ ðMass interface conditionÞ
ð4Þ
The above Eqs. (1)–(4) expressed in non-dimensional forms
using the following dimensionless parameters:
T ¼ T  Tf mCo
Lf =Cp
; C ¼ C
Co
; x ¼ x
L
; s ¼ s
L
; t ¼ alt
L2
ð5Þ
Substituting the above dimensionless variables in the governing
equations (Eqs. (1) and (2)), the non-dimensional form of the trans-
port equations can be expressed as:
@Tl
@t
þ qs
ql
 1
 
ds
dt
@Tl
@x
¼ @
2Tl
@x2
;
x > sðtÞ ðLiquid phase energy equationÞ ð6Þ
@Cl
@t
þ qs
ql
 1
 
ds
dt
@Cl
@x
¼ 1
Le
@2Cl
@x2
;
x > sðtÞ ðLiquid phase species transport equationÞ ð7Þ
The temperature of the liquid and the solid phase at the inter-
face x ¼ sðtÞ is given as Tl ¼ Ts ¼ Ti and the concentration of
the solute in liquid and solid phase at the interface is maintaining
a fixed ratio based on the partition coefficient as Cs;i ¼ kpCl;i. The
temperature and concentration at the interface are related as
Ti ¼ MCoð1 Cl;iÞ. The interface condition in the dimensionless
form is given as:
 ql
qs
@Tl
@x
¼ @s

@t
; x ¼ sðtÞ ðEnergy interface conditionÞ ð8Þ
 1
Le
ql
qs
@Cl
@x
¼ Cl;ið1 kpÞ
@s
@t
;
x ¼ sðtÞ ðMass interface conditionÞ ð9Þ3. Similarity solution
The similarity solution for position of the interface would be
given by s ¼ 2k ﬃﬃﬃﬃtp , where k is the similarity parameter. Solving
Eqs. (6) and (7) analytically using this similarity parameter results
in following temperature and concentration distribution in the
domain:Ts ¼ Ti ; 0 < x < sðtÞ ðSolid phaseÞ ð10Þ
Tl ¼ T0 þ ðTi  T0Þ
erfc x
2
ﬃﬃﬃ
t
p  kðR 1Þ
 
erfcðkð2 RÞÞ ;
x > sðtÞ ðLiquid phaseÞ ð11Þ
Cs ¼ kpCl;i; 0 < x < sðtÞ ðSolid phaseÞ ð12Þ
Cl ¼ C0 þ ðCl;i  C0Þ
erfc x
ﬃﬃﬃ
Le
p
2
ﬃﬃﬃ
t
p  kðR 1Þ
 
erfcðk ﬃﬃﬃﬃﬃLep  kðR 1ÞÞ ;
x > sðtÞ ðLiquid phaseÞ ð13Þ
Putting Ti and C

l;i obtained from the above equations in the
expression Ti ¼ MCoð1 Cl;iÞ results in a non-linear equation of k
which is solved using Newton Raphson method. The derivation
has been given in the appendix.
4. Validation
The present similarity solution has been compared with the one
phase, a single component analytical solution with no density
change, as done by Özișik [15]. In the present problem, this can
be achieved by setting the partition coefficient kp ¼ 1, concentra-
tion to be uniform initially which leads to Co ¼ 1 and the density
change to be absent ðR ¼ 1Þ. Using these conditions, the problem
becomes a simple one dimensional, one phase, one component Ste-
fan problem whose solution can be readily obtained as described
below. The governing equation and interface condition for this
benchmark Stefan problem is given by the expressions mentioned
in the equations given below,
@Tl
@t
¼ @
2Tl
@x2
; sðtÞ < x <1 ðLiquid phaseÞ ð14Þ
 @T

l
@x
¼ @s

@t
; x ¼ sðtÞ; sðtÞ ¼ 2k
ﬃﬃﬃﬃ
t
p
ð15Þ
velocity of interface ¼ ds

dt
¼ kﬃﬃﬃﬃ
t
p ð16Þ
After taking into consideration, the heat transport and interface
equation from Eqs. (14) and (15), we get the analytical expressions
for the temperature distribution in the liquid phase given by
Eq. (17).
Fig. 3. Effect of density ratio (R) on temperature and concentration distribution at t = 100 for three different thermal-mass diffusion ratio (Le): (a) Le = 0.1; (b) Le = 1.0 and (c)
Le = 10.
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erfc x
2
ﬃﬃﬃ
t
p
 
erfcðkÞ ; x
 > sðtÞ ðLiquid phaseÞ ð17Þ
Eq. (17) can also be obtained by substituting R ¼ 1 in Eq. (11).
Substituting the above expressions in Eq. (15) and taking the melt-
ing point to be invariant, results in the equation for k given as:
k
ﬃﬃﬃ
p
p
ek
2
erfcðkÞ þ To ¼ 0 ð18Þ
Eq. (18) can also be obtained from Eq. (A.10) for R ¼ 1 which
validates the proposed formulation. The proposed model isfurther validated with Voller [20] for solidification of an
undercooled binary alloy using the similar boundary and initial
conditions with no change in density during phase change as
shown in Fig. 2.
5. Results and discussion
The results are discussed here to study the effect of Le, R, To and
k on solidification of the undercooled melt. The value of both kp
and M is kept as to 0.1.
Fig. 4. Effect of density ratio (R) on transient variation of temperature and concentration at a given location (x = 0.5) for three different thermal-mass diffusion ratio (Le): (a)
Le = 0.1; (b) Le = 1.0 and (c) Le = 10.
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Density ratio (R) is the most important factor affecting solidifi-
cation, whose effect has been mainly studied in this article. Fig. 3
shows the effect of R on temperature and concentration distribu-
tion at t⁄ = 100 for different values of Le. Fig. 4 shows the effect
of R on transient temperature and concentration distribution at a
given location (x⁄ = 0.5). In Figs. 3 and 4, there is a sudden jump
in the values of concentration of solute at the interface due to
the partition of solute in solid and liquid phases respectively. Thisratio of solute in solid to liquid at the interface is assumed to be
fixed and called as the partition coefficient, kp. Table 1(a) shows
the position of interface at time, t⁄ = 100 while Table 1(b) tells us
about the time taken for the solidification front to reach to a given
location (x⁄ = 0.5) for different Lewis numbers and density ratio. On
analyzing Table 1, it can be inferred that with a decrease in density
ratio, the interface moves faster. This could be attributed to the fact
that the decrease in the density ratio will increase the volume of
liquid during solidification. It causes expansion in the solid domain
and in order to accommodate it, the interface moves faster.
Table 1
Effect of density ratio (R) and Lewis number (Le) on: (a) solidification front position at
a given time (t⁄ = 100), (b) time for the solidification front to reach to a given location
(x⁄ = 0.5).
Lewis number (Le) Density ratio (R)
0.95 1.0 1.05
(a)
Distance (x⁄)
(t⁄ = 100)
0.1 9.03 8.09 7.34
1.0 7.77 7.02 6.41
10.0 5.52 4.96 4.50
(b)
Time (t⁄)
(x⁄ = 0.5)
0.1 0.31 0.38 0.47
1.0 0.42 0.51 0.61
10.0 0.82 1.02 1.25
Fig. 5. Effect of initial temperature (To) on temperature and concentration distribution in the domain at t
 = 100 for three different thermal-mass diffusion ratio (Le): (a)
Le = 0.1; (b) Le = 1.0 and (c) Le = 10.
Table 2
Effect of Initial temperature (To) and Lewis number (Le) on solidification front
position at a given time (t⁄ = 100).
Lewis number (Le) Initial temperature (To)
0.8 0.5 0.2
Distance (x⁄)
(t⁄ = 100)
0.1 9.03 8.09 7.34
1.0 7.77 7.02 6.41
10.0 5.52 4.96 4.50
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Table 3
Effect of Initial temperature (To) and Density Ratio (R) on solidification front position
at a given time (t⁄ = 100).
Initial temperature (To) Density ratio (R)
0.9 1.0 1.1
Distance (x⁄)
(t⁄ = 100)
0.8 21.52 14.17 10.82
0.5 8.73 7.02 5.90
0.2 2.67 2.33 2.06
Fig. 6. Effect of density ratio (R) on temperature and concentration distribution in the
To ¼ 0:5 and (c) To ¼ 0:2.
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Initial temperature plays a crucial role on solidification behav-
ior. The concentration and temperature distribution are shown in
Fig. 5 at time t⁄ = 100 for different Lewis numbers and undercooled
initial temperatures while keeping density ratio to be fixed at
R ¼ 1. In Tables 2 and 3 the effect of initial temperature on solidi-
fication front positions is studied at a given time (t⁄ = 100) for dif-
ferent Lewis numbers and density ratio. From Tables 2 and 3, it can
be inferred that the interface moves faster with the decrease in thedomain at t = 100 for three different initial temperatures (To): (a) T

o ¼ 0:8; (b)
Fig. 7. Variation of similarity parameter (k) with Le, To and R for three different cases: (a) R = 1, T

o ¼ 0:5; (b) Le = 1, R = 1 and (c) Le = 1, To ¼ 0:5.
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ture decreases, there is the rapid removal of heat for solidification
to proceed, making the interface move faster. It can also be
observed from Fig. 5 that the interface motion is highly sensitive
to change in undercooled initial temperatures at the lower value
of Lewis number. As Le decreases, the interface moves faster as
endorsed from Eq. (9). With the decrease in Le, the rate of mass dif-
fusion increases, which results in uniform distribution of solute
concentration within the liquid phase. Fig. 6 shows the tempera-
ture and concentration distribution for different density ratio’s
and undercooled initial temperatures while keeping Lewis number
to be fixed at Le = 1. As expected, the interface moves faster as the
undercooled initial temperature decreases.
5.3. Effect of similarity parameter on interface motion
Similarity parameter is proportional to the interface speed,
which can be concluded from Eq. (16). Fig. 7 shows the variation
of k with Le, To and R. The parameter decreases with increase in
Le as shown in Fig. 7(a), which says that interface moves slower
with an increase in Lewis number. This is due to decrease in solutal
diffusivity, making solutal diffusion more difficult and hence slow-
ing down the interface motion. Fig. 7(b) shows that interface
moves slower with an increase in undercooled initial temperature.
As the undercooled temperature decreases, more heat will beliberated owing to rapid solidification and hence the interface
moves faster. From Fig. 7(c) we can conclude that interface moves
slower with an increase in density ratio. As the density ratio
increases, there is a contraction in part of the volume containing
solid, which pulls the liquid backwards, causing the interface to
move slower.
5.4. Effect of Lewis number
The temperature and concentration distribution is affected sig-
nificantly by the change in Lewis number. While comparing Figs. 3
(a)–(c) and 4(a)–(c) for different Lewis numbers (0.1, 1 and 10), the
concentration distribution becomes more uniform with the
decrease in Lewis number. The mass diffusivity increases com-
pared to thermal diffusivity for a low value of Le. High mass diffu-
sivity results in rapid diffusion of solute in liquid. Hence, the solute
concentration distribution will be more uniform in the liquid
region. Secondly, from Figs. 3, 4 and 7(a) we can see that the inter-
face moves faster with a decrease in Lewis number. Change in
Lewis number would directly affect the phase change temperature.
From the liquidus line in the phase diagram, it can be inferred that
as the Lewis number decreases, mass diffusion increases and hence
concentration of solute decreases in the liquid phase near the
interface which in turn increases the phase change temperature
ðTi Þ. Hence, solidification would take place more easily.
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A similarity solution is developed to study the effect of density
ratio on the solidification of undercooled melt in the binary alloy.
Based on the results, it can be concluded that both Le and R plays
a very important role on solidification rate and behavior. The
interface moves faster with a decrease in the value of R during
solidification. The concentration distribution becomes more non-
uniform while temperature distribution becomes uniform and
interface motion becomes slower with an increase in Le. Lastly,
the degree of undercooling also affects the interface motion.
The interface moves faster with an increase in the degree of
undercooling.
Appendix A
A.1. Energy equation
@Tl
@t
þ qs
ql
1
 
ds
dt
@Tl
@x
¼ @
2Tl
@x2
; x> sðtÞ ðLiquid phaseÞ ðA:1ÞA.2. Mass transfer equation
@Cl
@t
þ qs
ql
 1
 
ds
dt
@Cl
@x
¼ 1
Le
@2Cl
@x2
; x > sðtÞ ðLiquid phaseÞ
ðA:2ÞA.3. The interface condition
 ql
qs
@Tl
@x
¼ @s

@t
; x ¼ sðtÞ ðEnergy interface equationÞ ðA:3Þ
 1
Le
ql
qs
@Cl
@x
¼ Cl;ið1 kpÞ
@s
@t
;
x ¼ sðtÞ ðMass transport interface equationÞ ðA:4Þ
The general solution for energy Eq. (A.1) would be given by:
Tl ¼ Aþ B erfc
x
2
ﬃﬃﬃﬃ
t
p  k qs
ql
 1
  
; x > sðtÞ ðLiquid phaseÞ
ðA:5Þ
As x ! 1; erfc x

2
ﬃﬃﬃﬃ
t
p  k qs
ql
 1
  
! 0
So we would have A ¼ T0 as x ! 1
As x ! sðtÞ; erfc x

2
ﬃﬃﬃﬃ
t
p  k qs
ql
 1
  
! erfc s

2
ﬃﬃﬃﬃ
t
p  k qs
ql
 1
  
¼ erfc k 2 qs
ql
  
So we would have B ¼ ðTi T0Þ
erfc k 2qsql
   as x ! sðtÞ
Tl ¼ T0 þ ðTi  T0Þ
erfc x
2
ﬃﬃﬃ
t
p  k qsql  1
  
erfc k 2 qsql
   ;
x > sðtÞ ðLiquid phaseÞ ðA:6Þ
The general solution for mass transfer Eq. (A.2) would be given
by:Cl ¼ Aþ B erfc
x
ﬃﬃﬃﬃﬃ
Le
p
2
ﬃﬃﬃﬃ
t
p  k qs
ql
 1
  !
; x > sðtÞ ðLiquid phaseÞ
ðA:7Þ
As x ! 1; erfc x
 ﬃﬃﬃﬃﬃLep
2
ﬃﬃﬃﬃ
t
p  k qs
ql
 1
  !
! 0
So we would have A ¼ Co as x ! 1
As x ! sðtÞ; erfc x
 ﬃﬃﬃﬃﬃLep
2
ﬃﬃﬃﬃ
t
p  k qs
ql
 1
  !
! erfc s
 ﬃﬃﬃﬃﬃLep
2
ﬃﬃﬃﬃ
t
p  k qs
ql
 1
  !
¼ erfc k
ﬃﬃﬃﬃﬃ
Le
p
 k qs
ql
 1
  
So we would have B ¼ ðC

l;iC0Þ
erfc k
ﬃﬃﬃ
Le
p
k qsql1
    as x ! sðtÞ
Cl ¼ C0 þ ðCl;i  C0Þerfc
erfc x
ﬃﬃﬃ
Le
p
2
ﬃﬃﬃ
t
p  k qsql  1
  
erfc k
ﬃﬃﬃﬃﬃ
Le
p  k qsql  1
    ;
x > sðtÞ ðLiquid phaseÞ ðA:8Þ
Similarity solution would be given by s ¼ 2k
ﬃﬃﬃﬃ
t
p
ðA:9Þ
So solving Eqs. (A.3), (A.6) and (A.9) we would get the expres-
sion for Ti in terms of k as variable and other constants.
A.4. Interface temperature
Ti ¼ To þ
ﬃﬃﬃ
p
p  R  k  eððkkðR1ÞÞ2Þ  ðerfðk  ðR 2ÞÞ þ 1Þ ðA:10Þ
Similarly solving Eqs. (A.4), (A.8) and (A.9) we would get the
expression for Cl;i in terms of k as variable and other constants.
A.5. Interface concentration
N1 ¼ ðCoðeðk
ﬃﬃﬃ
Le
p
kðR1ÞÞ2 ÞÞ
D1 ¼ ð ﬃﬃﬃpp  ﬃﬃﬃﬃﬃLep  R  ðerfðk  ð ﬃﬃﬃﬃﬃLep Þ þ k  ðR 1ÞÞ  1ÞÞ
D2¼ kðk1Þ e
ðk
ﬃﬃﬃ
Le
p
kðR1ÞÞ2
ð ﬃﬃﬃpp  ﬃﬃﬃﬃﬃLep Rðerfðkð ﬃﬃﬃﬃﬃLep ÞþkðR1ÞÞ1ÞÞ
 !
Cl;i ¼ 
N1
D1  D2 ðA:11Þ
Using the phase diagram relation we would a relation given by:
Ti ¼ MCoð1 Cl:iÞ ðA:12Þ
Using Eqs. (A.10)–(A.12) we will get an equation that is a func-
tion of k, which is the only variable. Thus we solve it using Newton
Raphson’s method. The value of k is obtained would be substituted
in Eqs. (A.6), (A.8) and (A.9) to obtain temperature, concentration
and interface motion.
Appendix B
B.1. Derivation for g
@Tl
@t
þ qs
ql
 1
 
ds
dt
@Tl
@x
¼ @
2Tl
@x2
; x > sðtÞ ðLiquid phaseÞ ðB:1Þ
g ¼ xgðtÞ þ c; s ¼ 2k
ﬃﬃﬃﬃ
t
p
and gðtÞ ¼ 1ﬃﬃﬃﬃﬃﬃﬃ
2t
p ðB:2Þ
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@t
¼ @T

l
@g
@g
@t
¼ x @g
@t
@Tl
@g
ðB:3Þ
@2Tl
@x2
¼ g2 @
2Tl
@g2
ðB:4Þ
@Tl
@x
¼ g @T

l
@g
ðB:5Þ
@s
@t
¼ kﬃﬃﬃﬃ
t
p ðB:6Þ
Using the Eqs. (B.1)–(B.6) we will get:
@2Tl
@g2
þ 2 @T

l
@g
½g c  kðR 1Þ ¼ 0
So we are having,
c þ kðR 1Þ ! 0
c ¼ kðR 1Þ ðB:7Þ
Using (B.2) and (B.7) we will get:
g ¼ x
ﬃﬃﬃﬃﬃﬃﬃ
2t
p  kðR 1ÞReferences
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